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Mechanisms of the Breakup of Liquid Jets

S. P. Lin* and Z. W. Lian|
Clarkson University, Potsdam, New York

A general theory of the onset of breakup of liquid jets in an ambient gas is given. The theory is based on the
linear stability analysis of a viscous liquid jet with respect to spatially growing disturbances. The three independent
parameters in the theory are the Reynolds number /?, the Weber number We, and the gas-to-liquid density ratio
Q. The numerical results obtained from a single characteristic equation over a wide range of the parameter space
reveal that there are two fundamentally different mechanisms of the jet breakup. The first is the capillary pinching
that breaks up the jet into segments. The second is the capiUary wave resonance with the gas pressure fluctuation
that generates droplets much smaUer than the jet diameter. An argument based on the boundary-layer instability
theory is used to demonstrate that the shear waves at the liquid-gas interface plays a secondary role in the jet
breakup.

Introduction

ATOMIZATION is a process of breaking up a jet into
droplets of diameter much smaller than the jet diameter.

This process is widely used in industrial applications including
fuel injections in internal combustion engines. A good knowl-
edge of the fundamental mechanism of atomization is essen-
tial for raising the combustion efficiency and reducing the
environmental pollution. Unfortunately our understanding of
the fundamental mechanism is far from complete. This work
delineates the parameter range of operation in which atomiza-
tion can be achieved. Distinctive mechanisms of jet breakup in
the atomization regime as well as other regimes are elucidated.

Plateau1 observed that the surface energy of a uniform
circular cylindrical jet is not the minimum attainable for a
given jet volume. He argued that the jet tends to break up into
equal segments of length, which is nine times the jet radius,
because the spherical droplets formed from these segments
give the minimum surface energy for the same jet volume.
Neglecting the effects of gravity and ambient gas, Rayleigh2

showed that the mechanism of the jet breakup is the hydrody-
namic instability caused by the surface tension. He introduced
into the jet infinitesimal disturbances that may grow or decay
everywhere in the jet at the same rate. He found that the
fastest growing disturbance has a wavelength equaling nine
times the jet radius. Weber3 and Chandrasekhar4 found that
the viscosity has only a stabilizing effect that reduces the
breakup rate and increases the drop size. Keller et al.5 ob-
served that these theories were based on the assumption that
the disturbances are temporally growing, while the observed
disturbances actually grow in space in the flow direction. In
particular, the disturbance at the nozzle exit cannot grow in
time. They extended Rayleigh's analysis for spatially growing
disturbances and found that Rayleigh's results are relevant
only to the case of small values of the Weber number, which
is the ratio of the surface tension force to the liquid inertia
force. For the Weber number of order one or greater,
they found a new mode of faster growing disturbances of
much larger wavelengths than those of the Rayleigh mode. An
association of this mode with the absolute instability was
made by Leib and Goldstein.6'7 Note that in the above-men-
tioned theories, the effect of the ambient gas is neglected, and
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that the predicted drop sizes are of the same order as the jet
diameter. Thus, these theories cannot be applied to the atom-
ization phenomenon, which is the breakup of a liquid jet into
droplets much smaller than the jet diameter. To explain the
atomization process, Taylor8 took the gas density into ac-
count. He considered the limiting case of an infinitely thick jet
and extremely small gas-to-liquid density ratio. Taylor's anal-
ysis for the case of temporally growing disturbances with
small density ratios was extended by Lin and Kang9 to the
case of spatially growing disturbances with finite density
ratios. Lin and Kang showed that the spray angle is propor-
tional to the imaginary part of the complex wave number
corresponding to the fastest growing disturbances. They com-
pared the predicted drop sizes caused by the pressure fluctua-
tion and by the shear waves at the liquid-gas interface with
the experiments of Reitz and Bracco10 and concluded that the
basic mechanism of atomization is the interfacial instability
caused by the pressure fluctuation. Lin and Kang also dis-
cussed the relationship between temporally and spatially
growing disturbances. Their results showed that the maximum
growth rates of disturbances all occur at wave numbers of
order one in the parameter range relevant to atomization. The
drop size being proportional to the wavelength and the wave-
length being normalized by the capillary length, the atomized
droplet diameters are therefore proportional to the capillary
length a, which is the ratio of surface tension to the inertia
force per unit volume of the ambient gas; i.e., 0/p2U2, where
a is the surface tension, p2 is the gas density, and U is the jet
speed. Since the atomized droplets are much smaller than the
jet radius r09 we must have

a/r0 = <r/(plU2r0)(pl/p2) = We(Pl/p2) (1)

where pl is the liquid density. It follows from Eq. (1) that the
necessary condition for atomization is We <^ g, where
Q =P2/Pi- The work of Lin and Kang9 covered only this
atomization regime. Consequently, they were unable to delin-
eate both Taylor's atomization regime and Rayleigh's capil-
lary pinching regime in the same parameter space. This
delineation is done here for the first time with the aid of
numerical results obtained from the same characteristic equa-
tion. This enables us to gain a more unified understanding of
the mechanism of jet breakup. It follows from the definition
of a that we must have for the Rayleigh regime a/r0 = We I
Q > 1, since Rayleigh's capillary pinching results in droplets
of diameters larger than the jet diameter. The effect of the
Reynolds number on this regime is expounded in this work.
Efforts to gain a unified understanding of the mechanism of
jet breakup are well documented.11'12 Although the previous
works were based on various asymptotic analysis of tempo-
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rally growing disturbances, the present unified theory is based
on extensive numerical solutions of the single characteristic
equation for spatially growing disturbances in a jet of finite
radius. One of the main conclusions in this work is that
atomization is not due to capillary pinching but rather due to
the interfacial pressure fluctuation. This conclusion is arrived
at not by resorting to a comparison of the theory with
experiments as was done in our previous work.9 Careful
analyses by Reitz and Bracco10 of existing experimental works
on atomization seemed to eliminate the turbulence fluctua-
tion, cavitation, pressure fluctuation, and boundary-layer in-
stability in the nozzle as the fundamental mechanism of
atomization, and thus identify the pressure fluctuation at the
interface as the fundamental cause by implication. However,
the present theoretical work is the first to demonstrate this
point explicitly.

Unified Theory
Consider a circular cylindrical jet of an incompressible

viscous Newtonian liquid issued from a nozzle into an un-
bounded inviscid gas. The governing dynamic equations of
motion in the liquid and the gas phases are respectively the
Navier-Stokes and the Euler's equations. The boundary con-
ditions are the vanishing of the net force per unit area of the
interface, and the equality of radial fluid velocity in each
phase with the total time rate of change of the interfacial
position. A uniform velocity distribution in a circular jet of
constant cross section in a quiescent gas is an exact solution
to this set of differential equations in the absence of gravity.
This exact mathematical solution representing a possible basic
state is physically unstable. The stability analysis of this basic
state with respect to disturbances that grow in the axial
direction from the nozzle exit has already been given9 and will
not be repeated here. The characteristic equation of any
Fourier component of the disturbances of the form
C0 exp[o>T + iky] is given by Eq. (2) when viewed in a refer-
ence frame with its origin fixed at the nozzle exit,

2k2
; ffl

x (co — ik) + co2Q-

-Wek(\-k2)-^ = 0 (2)

where C0 is the wave amplitude, co is the complex wave
frequency, the real part of which gives the exponential tempo-
ral growth rate and imaginary part of which gives the wave
frequency of disturbances; k is the complex wave number the
real part of which is equal to 2nr0 /(wavelength) and the
imaginary part of which gives the spatial amplification rate; T
is time and y is the axial distance, respectively, nondimension-
alized with the jet radius divided by the maximum axial
velocity and the jet radius; / and K are, respectively, the
modified Bessel functions of the first and second kind, their
subscripts denote the order of the functions; and 1 is defined
by

It is seen from Eq. (2) that the instability of the liquid jet is
characterized by the three independent parameters R, We, and
Q. In a reference frame moving with the jet velocity U, Eq. (2)
can be formally reduced to that obtained by Sterling and
Sleicher13 for temporally growing disturbances, if the wave
number is treated as real and the wave frequency is treated as
complex. However, such a Galilean transformation is physi-
cally inadmissible for spatially growing disturbances in a jet
that possesses no translational invariance, and hence there is
a fundamental difference between these two theories.

In the limiting case of R -
co = icOf reduces to

>oo and g->0, Eq. (2) with

(co, - k)2 = We k(k2 - \)I,(k)/I0(k) (3)

This is the result obtained by Keller et al.5 for the case of
spatially growing axisymmetric disturbances. They showed
that Eq. (3) is related to Rayleigh's frequency COR by

co2
R = Wek(k2-\)Il(k)/I0(k) (4)

by the Galilean transformation of the reference frame moving
with the basic state jet velocity, where COR is Rayleigh's
temporal complex wave frequency appearing in his solution of
the form constant x exp[/(A:z — CORT:)]. They also show that
the asymptotic solution of Eq. (3) for We-^Q near the
maximum of the spatial growth rate k{ is related to the
Rayleigh temporal growth rate coRi by

(5)

(6)

where the subscripts r and i denote, respectively, the real and
imaginary parts. Thus, the spatial growth rate kt can be
obtained accurately from the temporal growth rate coRi of the
Rayleigh mode by use of Eq. (6) only when IVe^Q. When
We is of order one, Keller et al.5 found from the solution of
Eq. (3) a new mode of disturbances the growth rate of which
is two order of magnitude larger than the above Rayleigh
mode. Leib and Goldstein6'7 and Lin and Lian14 recently
showed that this new Keller's mode actually exists in the
parameter range in which absolute instability occurs. The
consequence of the absolute instability and the physical mean-
ing of Keller's mode can be made clear only by use of a
nonlinear theory, and will not be pursued here. This is a
simple example demonstrating the qualitative difference be-
tween the temporal and spatial disturbances. Another exam-
ple demonstrating this point is given by Lin15'16 in his studies
of the stability of a viscous sheet. It should be pointed out
that Eq. (6) is consistent with the Gaster17 theorem which
states that, to the first-order approximation, the temporal
growth rate is given by the product of the corresponding
spatial growth rate and the group velocity of the disturbances,
i.e., coRi = ki(dcoi/dkr), which is Eq. (6) by virtue of Eq. (5).
The growth rate of the Rayleigh mode obtained from Eq. (3)
with We = 2.5 x 10~3 is given as curve R in Fig. 1.
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Fig. 1 The Rayleigh and Taylor modes.
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In the limiting case of Q -> 0, after using the equation
preceding Eq. (3), Eq. (2) is reduced to

2JW,

(7)

where / = R2We. This is the characteristic equation given by
Chandrasekhar4 for the breakup of viscous liquid threads in
vacuum.

In the Taylor limit r0 -> oo, k in Eq. (1) can be rescaled with
the capillary length a as

K = 2n /wavelength

where K is the dimensional wave number. Note that k -> oo
needs not imply that k->vo. In fact Taylor's results show that
£ = 0(1). By use of asymptotic expansions of the Bessel
functions for k -* oo as (r0/a) -» oo, we reduce Eq. (2) to

[R(co - ik) + 2k2]2 + R2Wek* + QR2co2 - 4k2l = 0 (8)

This is the equation obtained by Taylor8, see Lin and Kang.9
Note that (r0/a) -> oo implies R-+CC, arid by virtue of Eq. (1)
WejQ ->0. The growth rate curve obtained from Eq. (8) with
co = /co, for the values of R = 2 x \Q4We = 1.964 x 10~5 and
Q =0.0013 is plotted as curve T in Fig. 1. The curVe right
below curve T is obtained from Eq. (2) for the same parame-
ters. Lin and Kang showed that when g<^0.01, Taylor's
temporal growth rate is related to the spatial growth rate of
Lin and Kang by the Gaster17 theorem, However, when the
density ratio is of order 10~2 or greater, the spatial and
temporal theories differ significantly.

The rest of the paper will be devoted to the elucidation of
the breakup of viscous liquid jets of finite radius in the gas by
use of hitherto unavailable results. The results are obtained
from the solution of Eq. (2) over a wide range of the relevant
parameters We, R, and Q. The method of solution used is the
Muller method.18 Since the observed disturbances grow spa-
tially and oscillate temporally in atomizatibn, we treat co as
purely imaginary but k as complex, i.e., co = /co, and
k = kr + ikf. Here we do not consider the case of absolute
instability for which the disturbance grows both spatially and
temporally.14

The solution of the equation obtained by Keller et al. for
the case of R = oo, 2=0, and We = 0.0025 is reproduced as
curve R in Fig. 2. For the same values of We =0,0025 and
R = 2 x 104, two additional curves in the same figure are
obtained from Eq. (2), respectively, with Q = 104 and
g= 0.001 3. The value of Q= 0.00 13 corresponds to the
air-to-water density ratio in one atmosphere at room temper-
ature. It is seen that the presence of the atmosphere tends to
increase the maximum amplification rate by more than 20%
over that predicted by the Rayleigh equation (3). This devia-
tion is even greater either when Q becomes greater or R
becomes smaller. Hence, Rayleigh's results are good approxi-
mations if Q < 0.00 13 and R > 104. The experimental results
of Goedde and Yuen19 and Donnelly and Glaberson20 are
included in the same figure for comparisons. Their experi-
ments were conducted at one atmospheric pressure and room
temperature. They did not record the values of R and We for
each of the experimental points, since their experiments were
intended for comparisons with Rayleigh's theory, which is
independent of the jet velocity. However, the ranges of R and
We can be calculated from their experimental data to be
(3- 10) x 103 and (1.44-8) x 10~3, respectively. Note that
the values of We used for the theoretical curve in Fig. 2 are of
the same orders as those in the experirnents. However, the
values of R used for the plots including Rayleigh's curve are
larger than the experimental values. Note that the temporal

growth rate (o KG I rip l)112 == co' reported by Goedde and Yuen
is related to kt through Eq. (6) by kt =a>Ri = We1/2a>'9 be-
cause of different nondimensionalizations used. It appears
that the results of experiments in the atmosphere agree better
with the theory of the inviscid jet breakup in a vacuum rather
than with the corresponding theory of breakup of a viscous jet
in atmosphere. The better agreement is probably fortuitous.
The growth rates at the swell and the neck in the experiments
were found to be different constants. The growth rate was
taken to be the logarithm of the difference between those at
the neck and the swell in the jet. This is neither consistent with
the temporal growth rate which is theoretically the same
constant everywhere in the jet nor is it consistent with the
definition of spatial growth rate. Thus, the comparisons were
made between two physically different quantities. New mea-
surements of spatial growth rates as functions of R, We, and
Q are very desirable. Two amplification curves for two differ-
ent values of We are plotted near curve R in Fig. 3 for
Q = 0.0013 and R = 2 x 104. The curve R is the same curve R
given in Fig. 1. The amplification rate increases as We is
increased, clearly indicating that surface tension is the destabi-
lizing factor. The jet axial velocity relaxation was shown by
Leib and Goldsteih6 to make the Rayleigh mode more un-
stable. However, the mechanism remains the capillary pinch-
ing.

O.O O.2 O 4 O6 O 8 1 O

Fig. 2 Ambient gas is destabilizing in the Rayleigh mode; We =
0.0025.+ : experiments of Geodde and Yuen. <>•' experiments of Don-
nelly and Glaberson.

Fig. 3 Capillary pinching in the Rayleigh mode (Q = 0.0013).
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On the contrary, surface tension is a stabilizing factor for
the Taylor mode. This is seen from the three curves plotted
near curves T of Fig. 4 for three different values of We. The
curve T is the same curve T appearing in Fig. 1. As We is
increased with R = 2 x 104 and Q = 0.0013 held constant, we
see that the amplification is decreased. Thus, the major differ-
ence between the jet breakup by the Rayleigh mode and by
the Taylor mode is that, while the former is due to capillary
pinching,5 the latter is due to a mean other than surface
tension, because surface tension is stabilizing. This other mean
is either due to the pressure fluctuation or shear stress at the
interface. The interfacial shear will be eliminated as the cause
of atomization on physical grounds. The factors involved in
the nozzle are excluded, because the site of atomization is at
the interface. These factors can affect the atomization only
indirectly.9 Note that We = 2.5 x 10~3 - 10~2 for the Ray-
leigh mode, and We = 2x 10~ 4 ~2x 10"6 for the Taylor
mode at Q = 0.0013 and R = 2 x 104. Hence, there is a value
of We between 10~3 and 10~4 below which the breakup is due
to pressure fluctuation but above which it is due to the
capillary pinching. The specific turn-around value of We
depends on the values of R and Q given, and will be further
explained later.

The curves A in Fig. 5 is the amplification curve for
R = 34.5, Q = 0.0013, and We = 0.0025. The curve S is ob-
tained from Eq. (7) with the same values of We and R but for
2=0. The ambient gas is again destabilizing. The corre-
sponding experimental results of Goedde and Yuen19 are also
presented for comparison. The measured growth rate co for
this case was normalized by (v/rj). Thus, their growth rate is
related to our kt through Eq. (6), and is given by

The two additional curves in Fig. 5 for two different values of
We and Q = 0 show that, when compared with the Rayleigh
modes depicted in Fig. 1, the surface tension remains a
destabilizing factor even if the liquid viscosity is increased to
reduce R to 34.5. Note that in the case of Q = 0, the only
relevant parameter is / = R2We. Thus, the curve S in Fig. 5
can be used for any R and We as long as the corresponding
J remains 2.976. This fact will be used to show that the
nonvanishing of Q is essential for the Taylor mode. Consider
the curve with Q= 0.0013, We =0.744 x 10~8, and
R = 2 x 104 belonging to the Taylor atomization regime in
Fig. 1. Retaining the same values of We and R but putting
g=0, we obtain an amplification curve that is exactly the
curve S given in Fig. 5 since the value of / remains 2.976.
Thus, the curve in the Taylor regime is brought down to the
Rayleigh regime simply by reducing the values of Q from
0.0013 to 0. Hence, in order to remain in the atomization
regime, the presence of ambient gas is essential. Without the
ambient gas, atomization cannot occur even if the surface
tension is so small that We = 0.744 x 10~8.

Figure 6 shows that even when R is reduced to 0.1 the
breakup mechanism remains the capillary pinching when
We > g, since the amplification rate increases with We.

The amplification curves for We — 1.964 x 10~5,
R = 3.371 x 104, and two different values of Q given in Fig. 7
together with the curve for the same values of We and R but
with Q =0.0013 given in Fig. 1 show how the amplification
rate and the range of unstable wavelengths of the Taylor
mode are increased as Q is increased from 0.0013 to 0.13. This
range of Q corresponds to the air-to-water density ratio under
pressure ranging from 1-100 atmospheric pressure. The same
destabilizing effect of Q for the Rayleigh mode is depicted in
the lower left corner of Fig. 1. Figures 8 and 9 show the
damping effect of viscosity on the Rayleigh and Taylor
modes.

The present theory can be used to explain the spray angle 9
of an atomizing jet. The displacement of the interface from its
unperturbed position is d—C0 exp[/(cO;T + kz)], where C0 is

100 2OO 30O 4OO 5OO 6OO 7OO

Fig. 4 Surface tension is stabilizing in the Taylor mode
(R = 2 xlO4, 2=0.0013).

i oo -k j

Fig. 5 Ambient gas and surface tension are destabilizing in the viscous
Rayleigh jet, R =34.5. <>: experiments of Goedde and Yuen.

Fig. 6 Surface tension is destabilizing in a very viscous thread
(/?= 0.1,2=0.001).

the initial amplitude at the nozzle exit, which remains arbi-
trary in the linear theory. Thus,

tan(0/2) = -— (envelope of d) = C0kt exp( -kty) (9)
dy

Expanding Eq. (9) in Taylor's series, we have

(10)
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Fig. 7 Destabilizing effects of the ambient gas in the Taylor mode
(We = 1.964 x ID"5, R = 33705).

100-k j

R = 2-104

Fig. 8 Viscous damping of the Rayleigh mode in the presence of
ambient gas (We = 0.0025, Q = 0.0013).

Rr 1.3-105

2O 3O 4O SO 6O 7O

Fig. 9 Viscous damping of the Taylor mode (We = 1.964
xMT5, g= 0.0013).

Hence, unless C0kt is sufficiently large, a measureable 9 may
not appear until some distance downstream in the — y direc-
tion. This may be the origin of the so-called intact length over
which the jet does not appear to diverge. Table 1 compares
the spray angles 9 measured by Reitz and Bracco10 in their
test series 64-67 with that predicted with the present theory.
Tangent of half of the measured spray angles, i.e., tan(0/2),
are given in the fourth column of Table 1. The predicted
values of kt, which is related to spray angle by Eq. (10), are
given in the seventh column of the same table. When the
measured values of tan(0/2) are substituted into the left side
of Eq. (10), and the predicted values of kt are substituted into
the right side of Eq. (10), it is found that at the nozzle exit
where y = 0 this equation is satisfied only if the values of the
coefficients C0 are given by that given in the sixth column of
Table 1. C0 represents the initial disturbance amplitude at the
nozzle exit. It appears that the spray angles depend not only
on the spatial growth rate kt but also on the initial disturbance
amplitude C0 at the nozzle exit. Note that these values of C0
are all of the same order of magnitude, probably reflecting the
fact that the level of disturbances at the nozzle exit in the
different series of tests are about the same. A full nonlinear
theory is required to make a quantitative statement, however.

Discussion
The results for some limiting cases of the unified theory and

their comparisons with some limited experimental results have
been used to demonstrate the validity and the limitations of
the theories of Rayleigh, Weber, Chandrasekhar, Taylor, and
Keller et al. on the onset of the liquid jet breakup. However,
it was assumed that the viscosity of gas is of secondary
importance in the process. This assumption must be exam-
ined. If the viscosity is present in the ambient gas, the high
speed of the liquid jet will cause the formation of a thin
boundary layer near the liquid-gas interface. The boundary
layer may become unstable and generate the Tollmein-
Schlichting21 waves (shear waves). The shear waves may
extract kinetic energy from the mean flow and amplify. Thus,
the shear waves may participate with the pressure fluctuation
and capillary force in bringing about the breakup of liquid
jets. The order of magnitude of the size of droplets generated
by the shear waves may be estimated with the critical shear
wavelength at the onset of the boundary-layer instability. The
velocity profile in the boundary layer near the free surface of
a jet is not known. The boundary layer flows, over continu-
ously moving solid surfaces in an otherwise quiescent
fluid,22"24 are probably the closest known flows to the free
surface boundary-layer flows. Unfortunately, the stability re-
sults of these flows are not available. For this reason, we will
use the stability results for the Blasius flow21 over a stationary
solid surface to estimate the size of droplets generated by
shear waves. It should be pointed out that the shear stress and
the velocity distributions in both types of solid surface
boundary layers are of the same order of magnitude. There-
fore, we do not expect to obtain a different order of magni-
tude of drop size from a "solid jet" boundary-layer flow even
if the stability results of this flow are available. The critical
Reynolds number and the critical wavelength of the Blasius

Table 1 Spray angles of atomizing jets

Series Q x 103 We x 105 r0/a tan(0/2) x 102 0 x l 0 5 c m

64
65
66
67

1.3
7.7
25.8
51.5

2.754
2.754
2.504
2.527

944
559
2061
4096

1.66
8.31
16.46
14.95

0.6
1.43
2.13
2.60

2.77
5.81
7.73
5.75

36.02
6.08
1.65
0.83
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Table 2 Onset of jet breakup

125

Mechanism
Characteristic

length

Capillary pinching

Pressure
Fluctuation

Shear waves

a = (WelQ)r0

Parameter
range (mode)

Q <g We

Q<We

Q>We

R > 104 (Rayleigh)

R < 104 (Weber-Chandrasekhar)

1 < tf(Taylor)
JR~26180(v2/v1)

R~26m(v2/v e)

profile are given, respectively, by25

Rc = ud/v2 = 400, Xc = (27c/0.3)(<5/0.32) (11)

It follows from Eq. (11) that

Xc = 26180 v2/U (12)

Thus, in general, there are three length scales Ac, r09 and a
characterizing the size of droplets caused by shear waves,
capillary pinching, and the pressure fluctuation, respectively.
Depending on the range of parameters, one or two character-
istic lengths may be predominant.

For example, consider a jet of 0.034-cm diameter with a
maximum velocity of 1.11 x 104cm/s. This is the water jet
atomized under 1 atm in test 23 of Reitz and Bracco.10 Using
v2 = 0.15cm2/s at room temperature, we find from Eq. (11)
that Ac = 0.35 cm. Using vl = 0.01 cm3/s, a = 72 dynes/cm,
Pi = 1 g/cm3, p2 = 0.0013 g/cm3, we find R = 18870,
We = 3.438 x 10~5,andQ = 1.3 x 10 ~3. Thus, the present jef
is operating in the Taylor regime since We <^ Q, and the
characteristic wavelength is 2na = 2.8 x 10 ~3 cm. This is sev-
eral orders of magnitude smaller than Ac and 2nr0 = 0.11 cm.
Therefore, in the process of atomizing this jet, the shear waves
play little role, since the measured atomized droplets scale
with a.

If both the diameter and the velocity of the jet in the last
example is reduced by a factor of 10, we have R = 188.7,
We = 3.438 x 10~2, and Q = 1.3 x 10~3. Thus, We $> Q and
the jet is now operated well within the Rayleigh regime
although the damping effect of the liquid viscosity neglected
by Rayleigh is now significant at R = 188.7. The characteristic
length is of order 2nr0 = 0.011 cm, which is two orders of
magnitude smaller than the critical shear wavelength
Ac = 3.5 cm and one order of magnitude smaller than
2na = 0.28 cm. Hence, the shear wave and the pressure fluctu-
ation are not responsible for the breakup. The breakup in the
Rayleigh regime is by the capillary pinching.

We conclude by reiterating that there are three characteris-
tic lengths in the jet breakup. They are relevant to three
distinctive mechanisms that operate in different parameter
ranges. These are summarized in Table 2. However, it can be
seen from this table that a jet may actually breakup by more
than one mechanism in the overlap regions of the characteris-
tic parameter space. For example, it may break up under the
simultaneous actions of the capillary pinching and the pres-
sure fluctuation. This occurs when We/Q = 0(1). Consider a
water jet of 0.034-cm diameter issued at 1.11 x 103 cm/s into
the atmosphere at room temperature. The relevant parameters
are £ = 1887, We = 3.438 x 10~3, and Q= 0.0013. Then
We ~ g, and the jet is broken up at the outer edge of the
Rayleigh regime discussed in the previous section. The charac-
teristic wavelength is now of the order of 2nr0 = 0.11 cm,
which is of the same order as the atomization length
2na = 0.28 cm, but much smaller than the possible shear

wavelength kc = 3.5 cm. Therefore the shear wave is again a
bystander of the event of the breakup. However, the breakup
is now under the simultaneous actions of the capillary pinch-
ing and the pressure fluctuation which may, in general, pro-
duce a bimodal distribution of the drop sizes. In order to
enable the shear waves to assist significantly the capillary
pinching in the breakup process, we must have r0 ~ Ac, and
We > Q. It follows from Eq. (12) that this requires

<7>(26180.v2)2p2/r0

For the sake of demonstration, let v2 = 0.15 cm2 and
a =12 dynes/cm. Then the above inequality becomes

W'o) x 10-6g/cm4

This condition is difficult to satisfy in common practice for
gases in 1 atm. However, for a water jet of 0.35-cm radius and
U = 3 x 103 cm/s in a rarefied gas of p2 — 10~6 g/cm3, we
have We = 2.29 x 10~5 > g = 10~6, R = 105000, Ac =
1.31 cm, 2nr0 = 2.1 cm, and the above inequality is satisfied.
Only when the density of the gas is reduced to such a low level
can the capillary pinching and the interfacial shear work hand
in hand without the interference from the pressure fluctuation.
Finally, in order to induce the shear waves to assist the
atomization, we require kc ~ a and We < Q, i.e.,

<7~26180p2v2£7, a <p2U2r0

Using v2 = 0.15 cm2/s, we can combine the above two rela-
tions to give

4.668 x 10-6g/cm4>p2/r0

Again, this condition can be satisfied only in a very low-den-
sity gas and by a relatively thick jet. Thus, for example,
if p2 = 10~5 g/cm3, PI = 1 g/cm3, a = 12 dynes/cm, v2 =
0.15cm2/s, r0 = 10cm, and U = 3000 cm/s, we have R =
3x l0 6 , We=Q.% x 10~6< 10~5, Ac = 1.31cm, 0 = 1.8 cm,
and the required condition is satisfied. This example demon-
strates how hard it is to induce the shear wave to assist in the
onset of atomization. It should be emphasized that we are
referring here to the role of the shear waves on the onset of
atomization. Obviously, in a fully turbulent gas the atomiza-
tion process may be assisted by the small part of turbulence
spectrum whose wavelengths are of the same order of magni-
tude as the capillary length a. It should also be pointed out
that the gas viscosity is treated as a parameter in this analysis.
A more precise delineation of the breakup regimes can be
achieved by a more complete stability analysis that considers
the coupled effects of the gas viscosity with all other relevant
physical properties. A nonlinear theory of atomization of a
viscous liquid jet in a viscous gas is not yet available.26
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